Gaussian upper bounds for higher order differential operators on bounded domains in R N with Dirichlet boundary conditions are obtained. The upper bounds also exhibit quantitative details about the spatial decay of the heat kernel close to the boundary. Davies' Pertubation by way of twisting the differential operator is employed.
Introduction
Off-diagonal Gaussian Upper Bounds for higher order differential operators with bounded measurable coefficients were first obtained by Davies [3] . The operators considered were of order 2m on Subsequently Barbatis and Davies [2] were able to obtain optimal values for the constants c 2 and c 3 in terms of the ellipticity ratio and dimension.
Here we address the question of upper bounds of uniformly elliptic differential operators on bounded regions of R N imposing Dirichlet boundary conditions. Since very little can be said of the domain of these operators due to the nature of their coefficients, the operators
Notation
If α is a multi-index (α 1 , α 2 , α 3 , ...) we define |α| := α 1 + α 2 + α 3 + ..... + α N and 
.∇ (∇ (∇f.v) .v) .v
We define the set V α of all multi-indicies r for which r i ≤ α i for all i If r is the multi-index (r 1 , r 2 , r 3 , ...) we can define the vector factorial 
where a α,β is bounded and measurable a α,β = 0 when |α| = |β| with Quadratic form Q (f ) with
(Ω). We also assume there exists a constant c such that
(Ω) We define the following values.
Boundary Behaviour
Although we expect K (x, y, t) = 0 when either x or y are on the boundary the very nature of the kernel close to ∂Ω is not so obvious. We recall the Sobolev imbedding theorem W m,2 0
(Ω) and v a unit vector in R N and any
∂v n = 0 for each y ∈ ∂Ω, we deduce the behaviour of f close to ∂Ω,
for some ̟ proportional to the volume of S N since the second integral is bounded. We optimize over µ with
and we have
An application of the Spectral theorem completes the proof.
Lemma 2.3
The heat kernel k (t, x, y) of a uniformly elliptic differential operator of order 2m in a bounded region Ω ⊂ R N satisfies
where τ := N + 2γ 2m and
With an appropriate choice of v and an applcation of integration
and then
This bounds gives us quantitative information about the rate of convergence of the heat kernel near the boundary.
Gaussian Bounds
It is acknowledged that a Gaussian bound with spatial decay can be given by an interpolation between 2.10 and 0.2 however the term c 3 t is not optimal for Dirichlet operators on bounded regions and we give bounds that better reflect the exponential time decay due to the positive spectral gap.
One of the key features of hypothesis (1.5) is that the very rich theory of Fourier transforms can be utilized, since many required operator inequalities can be reduced to issues of proving the corresponding inequalities for polynomial symbols.
Uncoupling Inequalities
Lemma 3.1 If λ , µ , s and t are all positive constants then
where Ω is a bounded region in R N .
Proof
Let Σ be a cube such that Ω ⊂ Σ, and let η n and ψ n be the eigenvalues and eigenfunctions of the Dirichlet Laplacian with quadratic form domain W 1,2 0 (Σ). Since Ω is a bounded region, and
since the bottom eigenvalue is strictly positive
We resolve some operator inequalities, firstly for the polyharmonic operator and then using ellipticity we convert these to inequalities for H. Crudely this is quite elementary and the issue can be resolved by performing Fourier transforms and applying lemma 3.1 thus making the estimate,
However we require a more detailed decomposition of these polynomials in order to show exponential decay of the heat kernel in long time asymptotics.
We begin by uncoupling the cross term into two polynomials of the same order.
(Ω), λ ∈ R and p is a positive integer then whenever r is a multiindex for which |r| < p
Now by applying the inequality
we obtain with an application of lemma 3.1
and rescale ǫ to end.
Remark 3.4 It should be noted that (3.12) additionally gives us the estimate,
and this is used often without explicit reference.
Lemma 3.5 If r and s are two multi-indicies such that |s| ≤ p − 1 and |r| ≤ p where p is a positive integer and λ ∈ R then
for all ǫ < 2
We consider the two cases |r| = p and |r| ≤ p − 1 separately as they place different demands on the behaviour of ǫ. We begin with |r| = p by an application of lemma 3.3
by applying the estimate |ab| < 1 ǫ a 2 + ǫb 2 we have
We impose the condition ǫ < 1 maximizing ǫ
conclusion follows by rescaling ǫ.
The case |r| < p
Having completed this decomposition, we obtain an estimate for lower order operators in terms of higher order polynomials. The spectral gap can be incorporated.
We define some constants to be referenced repeatedly in the pending analysis. Let Σ be a cube such that Ω ⊂ Σ. Let e 0 be the bottom eigenvalue of the Dirichlet −∆ on Σ. Let c be the ellipticity ratio from our second assumption then
where
an application of lemma 3.1
for each µ > 0 and similarly to lemma 3.5 we impose the condition µ < 1 then applying lemma 3.2 to make the inequality independent of p
ellipticity gives
Davies' Twisted Operators
Let Ω be a bounded domain in R N , and x 0 ∈ Ω. If a is a vector such that a = 1 then we define the bounded function ψ x0,a (x) on Ω ψ x0,a (x) := x − x 0 , a We now define a bounded operator on L 2 (Ω) and from here we will omit the subscripts on ψ x0,a (x). If λ ∈ R then we define the multiplicative operator e λψ e λψ :
We define the twisted operator
along with this we define the twisted quadratic form
and the two definitions are consistent
This is simple consequence of the fact that e λψ is a bounded operator and that given a sequence of functions f n such that when (H − z) f n → 0 then (H λψ − z) e −λψ f n → 0
(Ω) and z in the resolvent set of H we have
and this implies Bf = e λψ (z − H) −1 e −λψ f and hence result Corollary 3.9 We have a canonical functional calculus for the twisted operator given by
Lemma 3.10 If f ∈ C 0 (R) and k f (x, y) is the integral kernel of the operator f (H) then f (H λψ ) has integral kernel k f,λψ (x, y) where
It is possible to consider a much stronger assumption on our coefficients namely, there is a q > 0 such that
for all x ∈ Ω and ξ ∈ |α|=m C, where the non-negative coefficient matrix A 0 = a 0,αβ is such that ,
for all functions f, g ∈ C ∞ c (Ω). This would render the problem far more simpler. By obtaining the necessary estimates for the polyharmonic operator by way of Fourier transforms, the estimates required can the be obtained by an application of the polarization identity on the co-efficient matrix, this technique was employed by Barbatis [2] , but we do make this assumption here.
by Cauchy-Schwartz
by remark 3.4 and lemma 3.5 we have for ǫ < 2
by lemma 3.6 if δ = ǫck m then this is
Let ̺ = σδ and we have the twisted form inequality
We have the following estimates for ReQ λψ (f ) and
which gives us
and
we recall from lemma 3.6 that these inequalities are true for all non-negative θ
Twisted Semigroup Inequalities
Lemma 3.12 Let 0 < µ, p < 1, λ ∈ R and 0 < ǫ < min{2σck m , 1 1+p }, we define the sesquilinear form
with Dom Q
is a sectorial form with vertex 0 and a semi-angle smaller then
Corollary 3.13 Let β be angle such that By [Theorem 2.38: [4] ] there is a constant c p such that
Definition 3.14 µ, p, ǫ, λ and θ are as in lemma 3.12
Lemma 3.15 We define the operator
with µ, p, ǫ, λ and θ are as in lemma 3.12 then T ≤ g (t) − s ∨ 
